Abstract-In ship angular deformation measurement, Kalman filter used to estimate the deformation angle requires accurate dynamic flexure parameters. Traditionally, these dynamic flexure parameters are empirically set according to previous experience or determined from previously collected experimental data. Inevitably, the Kalman filter will perform poorly when the current application environment is differ with those used in the filter design. To overcome this problem, we propose an alternative online approach to estimate the dynamic flexure parameters based on the attitude difference measured by two laser gyro units. Specifically, the Tufts-Kumaresan (T-K) method is introduced to solve the unknown parameters of the dynamic flexure model from the computed attitude difference. Simulation results show that the proposed method can estimate the dynamic flexure parameters in real-time with a high degree of accuracy even in serious noise polluted conditions. A further advantage of the proposed approach is that it does not require a priori knowledge of the dynamic flexure characteristics.
I. INTRODUCTION
Ship angular deformation refers to the angular displacement existed between the shipboard sensors, such as the radar, optoelectronic detectors or missile coordinate frames, with the reference system of the master inertial navigation system (MINS) coordinate frame. The ship angular deformation consists of the static deformation component and the dynamic flexure, according to its time characteristics [1] . The static deformation is a time-invariant angular displacement due to installation errors. By contrast, the dynamic flexure is the structure flexure caused by the sea wave or wind induced loads, and it behaves like a random process. For high accurate tactical shipboard weapons or sensors, it is required to measure and compensate the angular deformation with respect to the MINS [2] , [3] . Extensive works have focused on the ship angular deformation measurement problem in the past decades [4] - [7] . In particular, the inertial ship angular deformation measurement method is recognised as an efficient means to solve this problem, and it has attracted great attention in the recent years [8] , [9] .
The common procedure in inertial ship angular deformation measurement methods is to successively compute the attitude difference measured by two laser gyro units (LGUs) and to resolve the deformation angle through a real-time Kalman filter. In this procedure, the second-order Gauss-Markov process representing the dynamic flexure characteristics is adopted in Kalman filter design. Since the Kalman filter acts like an observer, the measurement accuracy is closely related to the accuracy of dynamic flexure model parameters, such as magnitude, frequency and damping ratio, employed in Kalman filters [6] . In general, the more accurate the dynamic flexure model parameters used, the more accurate the final deformation measurement is achieved [10] . Two existing approaches are usually adopted to determine the unknown parameters of the second-order Gauss-Markov process based dynamic flexure model: empirical method and statistical method. In an empirical method, as discussed in the works of [4] , [8] , the unknown parameters are simplified as the functions of the correlation time and variance of the dynamic flexure signal. By contrast, in a statistical method, as adopted by the reference [11] , the unknown parameters are determined from the previously recorded dynamic flexure measurement data based on statistical estimation algorithms. Obviously, these two existing approaches do not meet the on-line requirements and operating environments, since the exact ship structure and actual work conditions will generally differ from those used in estimating the dynamic flexure model parameters.
It is highly advisable to adapt the dynamic flexure model parameters on-line so that the dynamic flexure parameters employed by the real-time Kalman filter match the specific working condition and environment. To achieve this goal, we propose an on-line parameter estimation method by utilising the attitude difference measured by two LGUs in order to estimate the dynamic flexure model parameters more accurately. More specifically, we assume that the dynamic flexure angles can be depicted by using the second-order Markov process, and the Tufts-Kumaresan (T-K) method [12] is then applied to solve the unknown parameters from the correlation function of the LGUs' attitude difference. Our simulation results obtained demonstrate that the parameters identified 
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LGU 2 ϕ C i s Fig. 1 . Schematic diagram of ship angular deformation measurement. using the T-K method have high accuracy. The proposed parameter estimation method requires no a priori knowledge of the dynamic flexure characteristics and it works well even under low signal to noise ratio (SNR) conditions. Fig. 1 shows the schematic diagram of the ship angular deformation measurement system based on the attitude matching method [13] . Two LGUs, LGU 1 and LGU 2 , are installed adjacent to the MINS and the shipboard sensor, respectively. Assume that LGU 1 's coordinates have been aligned with the the MINS frame (m-frame), while LGU 2 's coordinates have been aligned with sensor's frame (s-frame). As illustrated in 
II. SHIP ANGULAR DEFORMATION MEASUREMENT

A. Measurement Model
The measurement model is required to calculate the DCMs of C 
where C ij and C Then the attitude matching function for the ship angular deformation measurement is given by [13] 
where ϕ is the total deformation angle between the LGU 1 and LGU 2 , which includes a static component φ 0 and a dynamic component θ, and has the relation of ϕ = φ 0 + θ. The measurement vector Z dcm given in Eq. (3) is expressed by
and the coefficient matrices A and B are given by
respectively, while Ψ m anf Ψ s are the attitude measurement errors induced by the gyro bias ε 0 and the random walk noise ε r in the LGU 1 and LGU 2 , respectively, which can be determined by the following differential equations
in which ε m0 and ε mr denote the gyro bias and random walk noise of LGU 1 , while ε s0 and ε sr are the gyro bias and random walk noise of LGU 2 .
As can be seen from Eq. (3), the measurement vector Z dcm is linearised with respect to the ship angular deformation angle ϕ. Furthermore, by using the dynamic flexure model in Kalman filter design, the ship angular deformation angle can be optimally estimated.
B. Kalman Filter Design
It is well known that the Kalman filter offers the optimal result only when the system noise is white. However, in Eq. (3), the dynamic flexure angle is caused by the ship motion and wave loads vibration, whose frequency is closely correlated with the ship angular motion. If we use a white noise to depict the dynamic flexure in Kalman filter design, the result will be poor. The second-order Gauss-Markov process has been used extensively to model the dynamic flexure in many successful applications [4] , [9] , [13] . We therefore use this a second-order Gauss-Markov process for modelling the the dynamic flexure. The correlation function of the secondorder Gauss-Markov process takes the form
where the index i indicates the x, y or z coordinate, τ is the time lag, and σ 2 i is the variance of the i-coordinate component of the dynamic flexure, while α i is the damping factor and β i is the circular frequency. The differential equation representing the ship dynamic flexure having the correlation function given in Eq. (7) can be written asθ
where
i is the square of the prevailing variation frequency and e i (t) is a Gaussian white noise with unit variance.
From Eqs. (3) to (8), we can derive the state function for the Kalman filter as followṡ
where X ∈ R 21×1 is the state vector given by
with T denoting the vector or matrix transpose operator and the two gyro error vectors expressed byε m = ε m0 + ε mr and ε s = ε s0 + ε sr , respectively, while the state transition matrix F ∈ R 21×21 is given by
with O l×m denoting the l × m zero matrix,
and
in which I 3 is the 3 × 3 identity matrix. The system noise vector w ∈ R 21×1 has the covariance matrix
where E[•] denotes the expectation operator and diag{•} the diagonal matrix, while σ 2 mr ∈ R 3×1 whose elements are the three variances of the LGU 1 's gyro random walk noise vector ε mr and σ 2 sr ∈ R 3×1 contains the three variances of the LGU 2 's gyro random walk noise vector ε sr , respectively.
According to Eq. (3), the observation function is given by
is the measurement noise vector, and H ∈ R 3×21 is the observation matrix, which can be written as
With the aid of the dynamic flexure model, the Kalman filter can accurately estimate the total deformation angle between the LGU 1 and LGU 2 frames. Let ϕ be the true deformation angle between LGU 1 and LGU 2 , and ϕ be its estimate provided by the Kalman filter. The deformation estimate accuracy is determined by the error vector ∆ϕ according to
where ∆ϕ s−s ∈ R 3×3 denotes the skew-symmetric matrix of ∆ϕ . From the above analysis, we can see that the deformation measuring accuracy depends on the accuracy of the dynamic flexure model parameters, α i , β i and σ i , used in Eq. (12) . Next, we present an on-line parameters estimation method based on the observation function of Eq. (3).
III. ESTIMATION OF DYNAMIC FLEXURE PARAMETERS
A. Parameters Estimation Functions
Noting the relation ϕ = φ 0 + θ, Eq. (3) can be rewritten as
in which
The validity of Eq. (18) rests on the assumption that ϕ is small, which is generally true in reality.
The static component φ 0 in practice is compensated to within several milliradians using the course estimate results. In addition, B − A = I 3 − C The attitude error term Z ψ is induced by the gyro errors, including gyro bias and gyro random walk noise. According to the reference [14] , the typical frequency of dynamic flexure ranges from 0.1 Hz to 0.25 Hz, while the frequency of the gyro noise induced attitude error is less than 0.01 Hz [15] , which is far lower than the dynamic flexure frequency. Therefore, we can remove Z ψ from Eq. (18) via a High-pass filter. The filtering process can be expressed bỹ
denotes the inverse Fourier transform, H h (ω) is the transfer function of the High-pass filter, and Z dcm (ω) is the frequency-domain transformation of Z dcm . The correlation function ofZ dcm is given by
with θ(t), θ(t+ τ ) denoting the correlation function of θ(t).
Eq. (23) establishes an approximated relation of the dynamic flexure with the attitude measurement difference. By Comparing Eq. (23) with Eq. (7), the parameters of the dynamic flexure model, α i , β i and σ i , can be determined.
B. Tufts-Kumaresan Method
We apply the T-K method [12] to estimate the unknown parameters in Eq. (7) based on the measurement values of Eq. (23). The T-K method is a common choice to resolve closely spaced sinusoids, particularly when the data length is short and the SNR value is small. The T-K algorithm [12] is briefly summarised below.
Give the N samples of a sequence y(n), which consists of a sum of the M exponentially damped sinusoidal signals
where a l is the complex amplitude of the damped mode exp(s l ) = exp − α l + jβ l with α l > 0, and q n is the unknown white noise with variance σ 2 q . Using the complex conjugate data to set up the backward prediction function
with
The prediction error filter polynomial
has the zeros at exp − s * l , 1 ≤ l ≤ M , if L is chosen to satisfy the inequality M L N − M . The roots of the polynomial of Eq. (29) yields the set of M zeros, from which the M damped modes exp s l , 1 ≤ l ≤ M , can be determined. Then the amplitudes a l can easily be estimated based on the data set {y(n)} described by Eq. (24) according to the least squares principle.
By substituting the discrete correlation results of Eq. (23) into Eq. (24), the parameters of the dynamic flexure model, α i , β i and σ i , can be directly estimated by applying the T-K algorithm. Note that, the solution of Eq. (24) for real signal will give pairs of roots, exp −s * l and exp −s l , 1 ≤ l ≤ M , and we simply use one root from each pair to calculate the dynamic flexure parameters.
IV. SIMULATION RESULTS
The schematic diagram of the gyro signal sample generation, parameter estimation and ship deformation angle estimation is shown in Fig. 2 .
A. Simulation System Setup
According to our experimental experience, the ship angular motion can be simplified as a random process, which can also be depicted as a second-order Gauss-Markov process
where i again denotes the x, y or z coordinate, while σ 2 ξi , α ξi and β ξi are the variance, damping factor and circular frequency, respectively, of the i coordinate of the ship attitude angle. We assume that during the simulation the parameters σ 2 ξi , α ξi and β ξi are time invariant. Table I lists the simulation parameters of the ship attitude angles used. The values of β ξi and α ξi are taken from our previous real-data identification results, while the values of σ ξi are set according to our experimental experience. The dynamic flexure angle is simulated by using three independent second-order Markov process, and we assume that LGU1 samples
LGU2 samples compensation
LGU 2 Gyro
LGU 1 Gyro the variances σ i , damping factors α i and frequencies β i used to simulate the dynamic flexure are time invariant, whose values are list in Table II . The damping factors and frequencies are identified from our real measurement data in sea trials, while the values of the variances are set according to our empirical experience to reflect certain level of real sea condition. Additionally, in order to reflect the real measurement environment, we add a Gaussian white noise ς i (t) of variance σ 2 ςi to the dynamic flexure signal θ i . The SNR of the dynamic flexure signal is then defined by
where again i indicates the x, y or z coordinate. We assume that the static deformation angle after the initial compensation is [3.5 mrad 3.5 mrad 3.5 mrad]. The parameters of the bias error vector ε 0 and the random walk noise vector ε r for the gyros are list in Table III LGU 1 LGU 
B. Results and Analysis
The total data length for the ship deformation measurement was T = 600 s with the sample frequency of 20 Hz. The cut-off frequency for the High-pass filter used was set to 0.05 Hz. To better compensate the approximation error induced by the static deformation angle φ 0 , we ran the T-K algorithm twice in parameters estimation. Specifically, in the first run, we obtained an improved estimate φ 0 , and then fed back this value to compensate the error term Z φ0 . The second run's result was accepted as our estimate. All the results presented were obtained by averaging over 100 independent trials in the presence of the randomly generated noise for simulating the ship attitude, dynamic flexure and gyro noise signals. The performance of the T-K method depends on its algorithmic parameters, M , N and L [12] . We used M = 2 for Eq. (25), which yielded a pair of roots for every damping mode. Appropriate values for N and L were determined by extensive experiments, and they were found to be L = 6 s or 120 samples, and N = 20 s or 400 samples. Table IV lists the means and standard deviations (in bracket) of the estimation results for the parameters α i , β i and σ i at the condition of σ 2 ςi = 0. Comparing with the true values given in Table II , it can be seen that the parameter estimates are very accurate. The ship angular deformation measurement results based on the identified dynamic flexure model are shown in Table V , where it can be observed that a high accurate measurement is achieved. We next investigated the accuracy of the dynamic flexure parameter estimate and the Kalman filter performance under different SNR conditions. Fig. 3 shows the mean parameters estimation errors as well the average deformation measurement errors given different SNR values. As can be seen from Fig. 3 (a) to (c), the parameters, α i , β i and σ i , can be estimated to a high degree of accuracy while the average parameter estimation errors and their error bars were similar across the range of the SNR values tested, except for the yaw magnitude error at the SNR value of 5 dB. This demonstrates the robustness of the algorithm under the noise polluted shipboard environment. However, the estimates of the magnitudes σ i and frequencies β i were slightly biased. This bias may be caused by removing the term Z φ0 as well as using high-pass filtering to remove the attitude error term Z ψ in Eq. (18). By using the estimated dynamic flexure parameters, the average deformation measurement errors and their corresponding standard deviations are depicted in Fig. 3 (d) . The results demonstrate that the Kalman filter is capable of achieving high accurate ship angular deformation measurement under serious noise polluted environments.
V. CONCLUSIONS
An efficient on-line dynamic flexure parameter estimation method has been proposed for the ship angular deformation measurement system based on the attitude difference provided by two LGUs measures. The relationship between the attitude difference correlation function and that of the second-order Gauss-Markov process representing the dynamic flexure model has been presented, and the Tufts-Kumaresan method has been applied to identify the unknown dynamic flexure model parameters. From the extensive simulation results, it has been shown that the proposed model parameter estimation method is capable of obtaining accurate estimates of the unknown dynamic flexure parameters for the application of accurate ship deformation measurement. Our approach does not require a priori knowledge of the dynamic flexure characteristics, and it equips the ship angular deformation measurement system with the ability to adapt to various work conditions. Our future work will study how to reduce or remove the parameter estimate bias in the T-K based model parameters estimation algorithm.
